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ABSTRACT

From the mathematical point of view, a cellular neuralnetwork (CNN) can be characterized by an
array ofidentical nonlinear dynamical systems called cells (neurons) that are locally
interconnected. Using thesemi-discretization method, in the present paper a discrete-time counter
part of a neutral-type CNN with time-varying delays and impulses is constructed. Sufficient
conditions for the existence of periodic solutions of the discrete-time system thus obtained
arefoundby using thecontinuation theorem of coincidencedegreetheory.
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1. INTRODUCTION

Over the past two decades neural networks have been widely studied since they have been
successfully applied to various processing problems such as optimization, image processing,
associative memory and many other fields, see (Galushkin,2007; Heaton, 2011) and references given
therein. Different types of applications depend on the dynamical behaviors of the neural networks.
Cellular neural networks (CNNs) were introduced by Chua and Yang (1988). Since then, many
researchers have done extensive and interesting works on this subject because of its potential
applications in real-life problems such as signal processing, pattern recognition, chemical processes,
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nuclear reactors, biological systems, static image processing, associative memories, optimization
problems and so on (Chua and Yang,1988;Galushkin, 2007; Haenggi, n.d.; Stamova and llarionov,
2010). A CNN is a massive parallel computing paradigm defined in a discrete N-dimensional space.
The basic circuit unit of CNNs is called a cell (neuron). It contains linear and nonlinear circuit
elements, which typically are linear capacitors, linear resistors, linear and nonlinear controlled
sources, and independent sources. The structure of CNNs is similar to that found in cellular automata;
namely, any cell in a CNN is connected only to its neighbor cells and the adjacent cells can interact
directly with each other (Chua and Yang,1988).

Following the Chua-Yang definition, the properties and special features of the CNNs can be outlined

as follows (Haenggi, n.d.):

A CNN is an N-dimensional regular array of entities of matrices which are called cells;

2. The cell grid can be a planar array with rectangular, triangular or hexagonal geometry, a 2D
or 3D torus, a 3D finite array, or a 3D sequence of 2D arrays (layers);

3. Cells are multiple input - single output processors, all described by activation parametric
functionals;

4. A cell is characterized by an internal state variable, sometimes not directly observable from
outside the cell itself;
More than one connection network can be present, with different neighborhood sizes;
A CNN dynamical system can operate both in continuous-time cellular neural networks (CT-
CNN) or discrete-time cellular neural networks (DT-CNN);
CNNs data and parameters are mostly continuous valued;

CNNs operate typically with more than one iteration, i.e., they are recurrent networks.

The main characteristic of CNNs is the locality of the connections between the units, that is,
information is directly exchanged just between neighboring units. Of course, this characteristic also
allows global processing. Communications between units not directly connected (remote) are
obtained passing through other units. One of the key features of CNNs is parallel processing and

global interaction of network elements.

CNN is also known as Cellular Nonlinear Network, which is an array of dynamical systems (cells) or
coupled networks with local connections only.The CNNs dynamics can be described by a system of
nonlinear differential equations. Using thesimplest first-order cell dynamics and linear interactions,
the state equation of a cell inposition (i,j)can be represented as (Liet al., 2012; Stamova and
llarionov, 2010):

dx; o . .
xd’t(t) = —x;(6) + Z AGL 3k, Dy () + Z B(i,j; ke, Dug (8) + 20,5 k, D,

(k,DEN(1,)) (k,DEN (i,))

where u;;,x;;,and y; are the input, the state, and the output of the cell in position (i, ),
respectively;the indices k and [ denote a generic cell belonging to the neighborhood N (i, j) of the cell
inposition (i,). All variables are continuous. The set of matrices of the weights and the threshold

{4, B, z}of the neural/nonlinear network is called the cloning template and it definesthe operation
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performed by the network. When the values of the cloning template do not dependon the position of
the cell, the CNN is called space-invariant. In this case, the dynamic behavior ofthe network depends
only on a few parameters; for instance, for a two-dimensional CNN withradius of the neighborhoodr =
1, Aand B are 3 x 3 matrices, while z is a scalar, a total of just 19 real numbers determines the CNN

dynamics. The expression for the output y;; is

1
yi(® = f (x5 ®©) = 5 (I © + 1] = () — 1.

It is possible to consider the CNN paradigm as an evolution of Cellular Automata paradigm. Moreover,
it has been demonstrated that the CNN paradigm is universal, being equivalent to the Turing

Machine. A mathematical description of the discrete-time case can be defined as:

x(t+1) = g(x(®) +1(t) + ZA(yk(t),PA(/')) n Z B(we(t), PB()), j =12, ...n, y(&) = f(x()),
k=1 k=1

wherex is the internal state of a cell, y its output, u its external input and I a local value called bias.
AandB are two generic parametric functionals, PA(j) and PB(j) are the parameters arrays (typically

the inter-cell connection weights).

Many researchers study the dynamics behaviors of different types of CNNs and have obtained
interesting results, see (Chua and Yang,1988; Haenggi, n.d.; Stamova and llarionov, 2010) and
references cited therein. A neural network model with delays and impulsive effects should be more
accurate to describe the evolutionary process of the system. Impulsive CNNs with delays have been
studied by many researchers (Heaton, 2011; Li et al., 2009; Long and Xu, 2013; Stamova and
llarionov, 2010; Zhang and Gui, 2009) and reference given therein. In particular, Zhang and Gui
(2009) employed the continuation theorem of coincidence degree theory to prove the existence of a

periodic solution. Moreover, they constructed a Lyapunov function in orderto study its stability.

Neutral-type time delays appear in the study of automatic control, population dynamics and vibrating
masses etc. There are not many results on neutral-type CNNs with impulses, time-varying and

distributed delays.

In the present paper we construct a discrete-time counterpart of a neutral-type CNN with time-varying
delays and impulses by using the semi-discretization method. We find sufficient conditions for the
existence of periodic solutions of the discrete-time system thus obtained by using the aforementioned
continuation theorem of coincidence degree theory.The neutral type of the system is an obstacle to
the construction of a Lyapunov function to study its stability. These results were reported at the 14th
International Conference of Numerical Analysis and Applied Mathematics --- ICNAAM 2016. An
extended abstract (without proofs and omitting many definitions) will appear in the AIP Conference

Proceedings (Akca et al., to appear).

2. A CONTINUOUS-TIME NEUTRAL-TYPE CNN AND ITS DISCRETE-TIME COUNTERPART

We consider the following impulsive neutral-type CNN with time-varying delays:
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50) = it = 0(0) = ~a@x(©) + ) by (50) + ) e 09 (3 (¢ =75 ®)) + 1)
= =1

j

t>0, t*t, (D
By (8) = —ogexi () + Z Bise®; (3560) + D vigely (35 (b1 = 7y (60) ) + G
€N, ) =
xi(s) = (Pi(s)i RS [_X! 0]! i=1m, (3)

where x;(t) is the state of the i-th neuron at time t and f;(*), g;(-)denote activation functions; the
functions b;;(t), c;;(t) represent the weights (or strengths) of the synaptic connections between the j-
th neuron and the i-th neuron, respectively without and with transmission delay t;;(t); o;(t) is the
time delay in the state velocity x;(t); I;(t) denotes the external bias on the i-th unit at time t; a;(t) is
the rate with which the i-th unit resets its potential to the equilibrium state when isolated from the
network and external inputs; t, (k € N)are the moments (instants) of impulse effect satisfying 0 < t; <
t, < <t <--and 111_{?0 t = o0; Ax;(ty) = x;(t; + 0) — x;(t; — 0) = x;(t, + 0) — x;(t,)represents the
instantaneous change of the state of the i-th neuron at time ¢t;;d;, o, Bijk, Yijk, Gix@resome constants,

and x > 0 will be specified later.
Now we make the following assumptions:

[H1] There exists a positive number w and a positive integer p such that
a;(t+w) =aq;(t), L(t+w) =), ot+w)=0;t) for t=0 and i=1m
bij(t + w) = b;;j(t), ¢;;(t +w) =c;(t), T;(t+w) =71;;(t) for t=0 and i,j=
tgep =ty + @ for k€N,
Qig+p = Ay Giksp =G for k€N and i=1m
BI.] k+p = Bijo Yijk+p = Yijk for k€N and ij= 1' m.

[H2] |d;| < 1for i = 1,m, d; = 0 whenever o;(t) = 0; the functions a;(t), b;;(t), c;;(t) are continuous
on[0, oo];

a;(t)>0 for t=0 and oy >0 for keN, i=1m.

[H3] There exist positive constants F;, G;, F;, G;(j = 1, m) such that
If;) = ;M| < Flx—yl, |g;(x) —g;»)| < Glx —yl,
|@;(0) = ;)| < Flx —yl, GG -GG < Gjlx—yl forany x,y €R.

[H4] The functions o;(t)(i = 1,m) and t;;(t)(i,j = 1,m) are nonnegative, continuously differentiable
for t > 0 and such that

squ <1, suprl}(t) <1 for ij=1m
foreachi € {1,2,...,m}, elther o;(t)=0orog; (t) > 0 for t € [0, w].
[H5] The functions ¢;(s)(i = 1, m) are piecewise continuouslydifferentiable on the interval [—, 0], with

points of possible discontinuity of the form t,, — w, wherey = max{o, t} and

0 = max supcl(t) T= max supT;(t).
i=1,m ¢ Lj=1m ¢50

The existence of periodic solutions for a system similar to (1), (3) (without impulses) under

assumptions contained in H1-H5 was studied in (Li et al., 2012). To find an w-periodic solution of
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system (1), (2) means to determine the initial functions ¢;(s) so that the solution of the initial value
1

1
problem (1)-(3) is w-periodic.

Similarly to our previous paper (Akca et al., 2009), henceforth we shall derive a discrete counterpart
of system (1)-(3) using the semi-discretization method and obtain sufficient conditions for the
existence of periodic solutions of the latter. The differentiability of the time-varying delays which is

essential in the continuous-time case will not be used in this process.

For the sake of definiteness, we assume that x < w. For a positive integer N, we choose

thediscretization step h = w/N. For the moment, we assume Nso large that

h < min (ty,q — ty).

k=1p

Then each interval [nh, (n + 1)h] contains at most one instant of impulseeffect t,. We also assume
that

h < min {}Egci(t) | o;(t) # 0}.

For convenience, we denote n = [t/h], the greatest integer in t/h, and n, = [t,/h]. We also denote
5,() = [0;()/h], Tij(') = [Tij(')/h]u Ny = [x/h].

Letn € {0}UN,n #n,. This means that the interval [nh, (n+ 1)h]contains no instant of

impulseeffectt,. We approximate the differential equations (1) on the interval(nh, (n + 1)h)by
% () + a;(nh)x; (1) — d;[%;(t — T;(nh)h) + a;(nh)x;(t — 5;(nW)A)] = —a;(nh)d;x; ((Tl =G (nh))h)

+I;(nh) + Z b;j(nh)f; (xj (nh)) + Z cij(nh)g; (xj ((n - Tij(nh)) h)), i=1,
=1 ‘

j=1

3

We multiply both sides of this equation by exp(a;(nh)t),integrate over the interval [nh, (n + 1)h], and
then multiply by exp(—a;(nh)(n + 1)). Thus we obtain

x;((n+ 1Dh) — x;(nh) = d; [xi ((n +1- Ei(nh))h) —x; ((n - Ei(nh))h)] — (1 — e~ x; (nh)
1— e—ai(nh)h
T am)

+ i c;j(nh)g; (x, ((n - Ti/(nh)) h)) . 4)
=1

Henceforth by abuse of notation we write x;(n) := x;(nh) and define Ax;(n) = x;(n+ 1) —x;(n)(i =
1,m,n € {0} U N). Forconvenience, we adopt the notations:

L) + ) byh)f (x,0nh)
=1

A(n) =1— e ur(G =Tm, n € {0} UN\{niken),

1— —a;(nh)h o
I;(n) = Tnh)li(nh)(i =1,m, n € {0} UN\{n}ren),
1— el—ai(nh)h -
bjj(n) = Wbij(nh)(’::j =1,m, n€{0}UN\{nlren),
1-— é—ui(nh)h
cij(n) = Wcij(nh)(i'j =1,m, n € {0} UN\{m}xen),
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o;(n) =o;(n)(i =1,m neN\{ndeen), 1;(0)=7;nA)(Ej=1m neN).
Clearly, we have 0 < 4;(n) < 1.
Withtheabovenotation,equation (4) takes the form
Ax;(n) = di"[in(n +1-0;(n) — Jri:l(n —o;()] — AiWx;(n) + I;(n)

+Zbl—j(n)fj (xj(n)) +ch—j(n)gj (xj (n—‘tij(n))), i=1m, n
=1

j=1

* 1y 5)

Next, for n = n, the interval [nh, (n + 1)h] contains the instant of impulse effect t,. On this interval we
approximate the impulse condition (2) by

m m
Ax;(ny) = —ogex; () + Qe + Z Bijr®j (xj(nk)) + ZYijkrj (xj (nk - Tij(nk)))r i=1m, k
eN. (6) = =
For uniformity of notation, we define
Ai(ng) = g,  L;(ng) = Qi =1, m, k €N).

Now the difference system (5), (6) can be written in an operator form as

Ax
= Hx, @)
where
(Hx);(n) = —Ai(m)x;(n) + 1;(n) . ®
[xl(n +1-0;(n) —x;(n— cl(n)) + Z bi;(n)f; x](n)) Z c;j(n)g; (xj (n - Tij(n))), n # ny,
+ j=1

| Z Bijr®; x](nk) ZYU}{F (xj - Tij(nk))): n=n.

From the assumptions H1, H2, H4, it follows that
[H6] There exist positive integers Nand p,such that

Ai(n+N)=A4;,(n), L(n+N)=ILn) for i=1m, ne€{0}JUN,
o(n+N)=o0;n) for i=1m, n € {0} U N\{n; }ren,
Tj(n+N)=1;(n) for i,j=1m, n€{0}UN,
bijj(n+ N) = b;;(n), c¢;;(n+N)=c;(n) for i,j=1,m, n€N\{nlen,
Nyyp =N+ N for k€N,
Bijk+p = Bijv  Yijksp =Yijx for k€N and ij=1m.

[H7] 4®) >0 0,(n)=0 for i=1m nely:={01,..,N—-1}, 1;(n) =0for ij=1m, nely.
Moreover, for each i € {1,2,...,m} either o;(n) =0 for n €Iy or o;(n) >0 for ne€ly; |d;| <1 fori=
1,m, d; = 0 whenever ¢;(n) = 0 for n € Iy.

We can consider the system (7) for n € {0} U N, with initial conditions

x (&) =@;(#) for £=0,—1,..,—N,, i=1m, 9
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where @(£) = (@1(£), 9, (£), ...,cpm(t’))T, £=0,-1,..,—N,, are given initial vectors (f = [%],(pi(f) =

(pi(éh)). To find an N-periodic solution of system (7) means to determine the initial vectors @(¢) so
that the solution of the initial-value problem (7), (9) is N-periodic.

3. MAIN RESULT
In order to formulate our main result, we introduce some notation:

For anN-periodic sequence v(n),we denote & = YN-tv(n);

Eij_ ij Eijzsup|cij(n)|: Bij = max|p; Yij = lr(gélL|Yuk| j=1m;
=L+ - p)Z(bL,lf,(ml+cl,|g](0)|)+pZ(Bl,|¢ O] +v4(1;(0]). m; (10)
B;; = (N — p)(bl, +6,G;) + p(Bi;F; +vl,9,) Lj=1m (11)

Next we introduce the conditions

[H8] For i = 1,m, we have

A; 1-4; > 2(N —p)ld;].
1¥4, P
[H9] lmllr;l(A Z}”ZIBJ-L-) > 0.
We introduce the m x m matrices
1-4 _
A= dlag(A T A —2(N —p)ld;l, i=1,m>, B
m
= (BU)L_Fl, (12)

and the condition
[H10] The matrix A — B is an M-matrix.

This condition implies that the matrix A — B is nonsingular and its inverse has only nonnegative
entries (Berman and Plemmons, 1979; Fiedler, 1986).

Now, we can state our main result as the following theorem:

Theorem 1.Suppose that conditionsH3, H6-H10hold. Then the equation(7)has at least oneN-periodic
solution.

Proof. We shall prove this theorem using Mawhin's continuation theorem (Gaines and Mawhin, 1977,
p. 40). To state this theorem, we need some preliminaries, presented as in (Ak¢a et al., 2009; Li et al,,
2012):

Let X,Y be real Banach spaces, L: Dom L ¢ X — Y be a linear mapping, and H: X - Y be a continuous
mapping. The mapping L will be called a Fredholm mapping of index zero if dim Ker L = codim Im L <
+ooand Im L is closed in Y. If Lis a Fredholm mapping of index zero and there exist continuous
projectors P:X—->X and Q:Y - Ysuch thatimP =KerL,KerQ =ImL =1Im(I—Q), then the
mappingL|pom woker p: (I — P)X = Im L is invertible. We denote the inverse of this mapping byKp. If Qis
an openbounded subset ofX, the mapping Hwill be called L-compacton Q if QH(Q) is bounded and

160



International Journal of Applied Mathematics and Statistics

Kp(I — Q)H: Q - Xis compact. Since Im Q is isomorphic to Ker L, there exists an isomorphism
J:Im Q — Ker L.

Now,Mawhin's continuation theorem can be stated as follows:

Lemma 1.Let Lbe a Fredholm mapping of index zero, letQ. ¢ Xbe an open bounded set and letH: X —
Ybe a continuous operator which isL-compact onQ. Assume that the following conditions hold:

(a) for eachi € (0,1),x € 3Q N Dom L, Lx # AHx;

(b) for eachx € 0Q nKer L, QHx # 0;

(c)deg(JQH, Q n Ker L,0) # 0, wheredeg( -, )is the Brouwer degree.
Then the equationLx = Hxhas at least one solutioninQ. n Dom L.

It is much easier to apply this lemma to difference equations than to differential equations since in the
former case all spaces are finite dimensional.

Before we proceed further, we shall recall the definition of Brouwer degree (Milnor, 1969).

Suppose that M and N are two oriented differentiable manifolds of dimension n (without boundary)
with M compact and N connected and suppose that f: M — N is a differentiable mapping. Let Df(x)
denote the differential mapping at the pointx € M, that is, the linear mapping Df (x): T,(M) — Ty (N).
Let sign Df (x) denote the sign of the determinant of Df (x). That is, the sign is positive if f preserves
orientation and negative if f reverses orientation.

Definition 1. Let y € Nbe a regular value, then we define the Brouwerdegree (or just degree) of f by

degf = deg(f, M, y) = z sign DF (x).
xef~1(y)

It can be shown that the degree does not depend on the regular value ythat we pick so that deg f is
well defined.Note that this degree coincides with the degree as defined for maps of spheres.

Let us choose X=Y-= {x(n) = (xl(n),xz(n), ...,xm(n))T: x(n+ N) =x(n), ne{0}u N}. If we

define|x;| = max|x;(n)|, |Ix|| = X%, |x;|, then X is a Banach space with the norm || - ||. Forx € X, let Hx
nely
be defined by (8), Lx = Axand
1 L. -
Px =Qx = NE= N(x1,x2, A LS

Then, KerL ={x € X;:x = h € R™}(vectors with componentsindependent ofn), ImL={x¢€
X:YN-tx;(n) =0, i =1,mlis a closed set in X, andcodim L = m. Thus,L is a Fredholm mapping of
index zero. It is easy to see that Pand Qare continuous projectors and ImP = Ker L,Im L = Ker Q =
Im (I — Q), and H is L-compact on Q for any bounded set Q c X. Moreover, in condition (¢) of Lemma
1 the isomorphism Jcan be taken as the identity operatorl.

Now, we will derive some estimates for the solutions x of the operator equation Lx = AHxfor A € (0,1),
that is,
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Ax(n) = A(HX)(n), n€Ely, i
=1,m, (13)
First, from (13) and (8) for n # n, we obtain
[Ax; ()| < |dil(|xi(n + 1= 0,(W))] + le(n o (m)]) + A () lx; ()]

L@+ Y by (35)| + chxn)g, (3 (n=rym))
j=1

=1

< (21l + 4) ] + 1L+ D by (Bl @] + [£O) + > é (6 (n = y@)| +19,0)])
=1 =

m m
< (2ldi| + A;) x| + 1) + Z(Bijlfj(o)l + Eij|gj(0)|) + Z(BijF}‘ + C_ijGj)lle'
= =
Similarly, for n = n;, we have

[Ax; ()| < A (i) 1o () | + 1 () | +

Z Yijr Ll (xj — Ty (nk)))‘

< Al + ()l + Z By (Bl ()] + @, 0)]) + Zyl, G, | (e =ty 0| + I, )]

z Bl]kq) x/ (le)

< Ay x| + 1L )| + Z(Bij|¢j(0)| +\_’ij|rj(0)|) + Z(Bijj:j +\_’ijgj)|xj|-
j=1 j=1

From the above inequalities, we obtain
N-1 m

|Ax; ()| < (Z(N —pld;| + Ai)lxil +IL+W —P)Z(Bijlfj(o)l + C_ij|gj(0)|)
n j=1

=0

+p Z(Bij|¢’j(0)| +7 [ + Z[(N =P)(byjF; + ¢;G;) +p(By %) +16,)] x|
=1 =1

or, using the notations (10) and (11),

=

-1

m
8% ()] < (28 = pldi] + Abxl + pi+ ) Byl 0
0 j=1

3
Il

Adding together all equations of (13) forn € I, we obtain

2

-1 N-1

Am)x(n) = d; i 1-o0;(n) i(n—oi(n) I;(n)
0 n)x;(n Z xi(n+1-0;(n)—x(n on) Z n
+Z{Z by () + ey g, (3 (= 7y ) )]
+Z [ﬁijkq’j (xj(nk)) + vijilj (xj (le - Tij(nk)))]}n

=1

S
Il

where by definition
14

> v = Nz_lv(n) = v
=0

=v0)+-+vin, -1 +v(n, +1) -:7 + v(npk—:ll) + v(np + 1) +-+v(N-1),

that is, T’ is a sum over the set Iy\{n, };_,.
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As above, we obtain
N-1

> A
n=0

Now, we shall use the following lemma (Fan and Wang, 2002; Xu et al., 2005):

m
< 2(N = p)ld;llx;| + p; + Bijlle- (15)
=

Lemma 2.Letv: Z — ZbeN-periodic, i.e.,v(n + N) = v(n)for anyn € Z. Then, for any fixedv,,v, € Iyand
anyn € Zwe have

N-1 N-1
v(vy) — Z lw(k + 1) — v(k)] < v(n) < v(vy) + Z [k +1) — v(k)].
k=0 k=0

According to Lemma 2, for arbitrary n,v,,v, € Iy we have

N-1 N-1
xi(2) = ) )] < xim) < %) + ) 18x (]
n=0 n=0

We multiply these inequalities by 4;(n) and sum up over I to obtain
N-1 N-1 N-1
Axv) = A ) @] £ ) 4 < A + 4 ) [8x )]
n=0 n=0 n=0

Let |x;(vo)| = |x;| = rrglxlxi(n)l. If x;(vy) = 0, we choose v, = v,. Then,
nely

N-1 N-1
Al = A () < ) Ao + 4 ) 1850
n=0 n=0

If x;(vo) < 0, we choose v; = v,
N-1

N-1
Al = ~Ax (o) < = ) Amxm) + A; ) 1Ak
n=0 n=0

Thus, in both cases we have
N-1

PR
n=0

Making use of the estimates (14) and (15), we obtain

Al < + A ) 1%,

N-1
n=0

m m
Ailx;| < 2(N = p)ldillx;| + p; + ZBijlle +4; (Z(N —pld;| +Ai)|xi| +p; + ZBU"le
= =1

m
={2(1+4)(N —p)ld;| + AF}Ix; | + (1 + 4;) | pi + ZBijlle

j=1
or
~ m

_1-4

Aim—Z(N—P)ldH |xi|_iZ;Bij|xj| < pi (16)
If we introduce the vectors x| = (|xq], x5, ..., [xpmDTand p = (pq, p2, -, )T, then the system of
inequalities (16) for i = T, mcan be written in a matrix form

(A-B)lx| <p, a7

where the matrices Aand Bwere introduced in (12). By virtue of condition H10, the inequality (17)
implies

163



International Journal of Applied Mathematics and Statistics

x| < (A - B)"p,

If (A—B)'p=(C],C5,...,C;)T, this means that the components of each solution of Ax = AHx satisfy
|x;] < C/. If we denoteC* = Y72, C;', then each solution of Ax = AHx satisfies||x|| < C*.

Now, we takeQ = {x € X: ||x|| < C}, where C > C*will be chosen later. Obviously,Q satisfies condition
(a) of Lemma 1.

Next,letx € Q0 N Ker L = dQ N R™,i.e., xis a constant vector in R™ with ||x|| = C. For such x,
m m
(H) () = =4 + 1) + ) by@)fi (1) + ) cyg (), n =y,
j=1 j=1

(Hx);i(ny) = —A; (i) x; + I;(ny) + Z Bij®;(x;) + ZYi}'krj(x}')-
Then, Fl ~

NQHX); = ~Aix + T, + Z[Z bl,<n>fj(x,)+cu(n>g](x,)]+Z[suk¢ (xj)+vl,kr(xj)]}

and
NI(QHx);| = Ailxi| = || - i {Z, (b3 (|F; + |ei (m)]G;] + i[lBUkP—"j + |Yijk|9j]} ||
= =
0 s 0+ |gj(o>|]+f[|ﬁuk| fo ]+ vl - 0l
= =
> Al - [T - Z{(N PIBuF; + ;6] + p[B%s + 761} ]
- Z{(N = p)[byj|f;0)] + &;19;(0)|] + p[Byj|@; (O] + ;5|1 (0)]]}
=
= Ailxl = i’BUIX,-I —pi
=1

Thus,

I

Il
-

m m T"._ m m m
Ai_ZBji |xi|—Z:F)i2i:lLn Ai_ZBji ||X||—ZPi=i71Ln Ai_szi C_Zpi-
j ' o i=1

i j=1 i=1 j=1 i=1 j=1

By condition H9,

Hence, for x € 90 N Ker L we have N||QHx|| > 0and QHx + 0, that is, condition (b) of Lemma 1 is
satisfied.

To prove (c), we define the mapping (QH),:Dom L x [0.1] - Xby(QH), = —%A + (1 — wQH, where
Ax = (Ayxq, Ay, ...,Amxm)T.
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For x € 00 n Ker L, we have
1.
((QH)ux)i = —NAixi
1 m
TR IEDY
=1

As above, we obtain

14
k=1

Z’ (b 005 () + cij(n)gj(xj)) + Z (Biikq’j (%) + Yi/krj(xj)) :

m m
1 ~
”(QH)MX” Zﬁ i=1i,% Ai—ZBji C—Zpi > 0.

j=1 i=1

This means that (QH),x # 0 for x € 90 n Ker Land p € [0,1]. From the homotopy invariance of the
Brouwer degree, it follows that

1.
deg(QH,QnKerL,0) = deg (_NA'Q N KerlL, O) =(-1)™#0.

According to Lemma 1, equation (7) has at least one N-periodic solution. This completes the proof of
Theorem 1. o

4. CONCLUSION

In the present paper, we first provided a short overview on cellular neural networks. Next, by using the
semi-discretization method, we constructed its discrete-time counterpart. Then, we found sufficient
conditions for the existence of periodic solutions of the discrete-time system thus obtained by using
the continuation theorem of coincidence degree theory.
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